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A given dynamis for a omposite quantum system an exhibit several distint properties for
the asymptoti entanglement behavior, like entanglement sudden death, asymptoti death of entan-
glement, sudden birth of entanglement, et. A lassiation of the possible situations was given in
[M. O. Terra Cunha, New J. Phys 9, 237 (2007)℄ but for some lasses there were no known examples.
In this work we give a better lassiation for the possibile relaxing dynamis at the light of the
geometry of their set of asymptoti states and give expliit examples for all the lasses. Although
the lassiation is ompletely general, in the searh of examples it is suient to use two qubits
with dynamis given by dierential equations in Lindblad form (some of them non-autonomous).
We also investigate, in eah ase, the probabilities to nd eah possible behavior for random initial
states.
PACS numbers: 02.50.Cw, 03.65.Yz, 03.67.Mn
I. INTRODUCTION
Entanglement is a fundamental property of ompos-
ite quantum systems, rst noted by Shrödinger [1℄. The
best knowledge of the whole of a omposite quantum sys-
tem may not inlude omplete knowledge of its parts. It
has strong oneptual impliations on physis, sine it is
a property that has no lassial analog, so we are fored
to hange signiantly our perspetive of Nature. Suh
peuliar harater allows it to be onsidered as a funda-
mental resoure for some non-lassial tasks as telepor-
tation of a quantum state [2℄, quantum omputation [3℄,
quantum ryptography [4℄, et [25℄. One entanglement
is onsidered a resoure it seems natural to quantify it
[6℄. In all the appliations named above, it is neessary
to optimize the amount of entanglement in a suitable
omposite quantum system to best exeute the desired
task.
Real quantum systems always interat with its envi-
ronment, irrespetively of the eorts to protet it. This
interation will, in general, reate some entanglement be-
tween the quantum system and the environment, and this
entanglement will, somewhat ironially, spoil the entan-
glement between the parts of the useful system (for
bipartite systems, this armation has a preise meaning
provided by the monogamy of entanglement theorem [7℄).
While in most of the models used to desribe quantum
open systems the oherenes of a state deays asymptot-
ially to zero, it was reently reognized that entangle-
ment may die at nite time [8℄, a phenomenon alled
entanglement sudden death [9℄. This phenomenon has
alled some attention, speially onneted to the di-
ulty of keeping entanglement alive for its uses as a re-
soure. Some interesting generalizations were studied
[10℄, and some experiments were proposed [11℄ and re-
alized [12℄. This phenomena, though, has a simple ex-
planation if one looks at the geometry of quantum states
[13℄. Namely, while the set of deohered states always
have zero volume inside the set of all possible quantum
states, the set of separable states has not only a positive
volume but also non-empty interior [14℄ when the global
system have a nite dimensional Hilbert spae.
The geometrial approah to the problem allows one
to lassify the dynamis of a quantum system aording
to the geometry of its asymptoti states (if the dynamis
implies them) relative to the set of separable states [13℄.
In the ited paper some lasses were exemplied, but to
that time it was not lear whether all a priori possible
situations ould be found.
In this paper we review the geometri lassiation of
entanglement dynamis and provide expliit examples to
all a priori possible situations. All examples are given
in the two-qubit Lindblad dierential equations ontext,
with some ases using non-autonomous equations (ex-
atly those in the lasses for whih examples were not
previously known). We also introdue a new analysis of
how often eah spei behavior our for a given dy-
namis, in the light of probability theory applied to the
set of initial states [15℄.
II. THE GEOMETRY OF ENTANGLEMENT
SUDDEN DEATH: GENERAL PICTURE
What an we say about the geometry of entanglement,
or the geometry of the set of separable states, for general
multipartite systems? First of all, that the set of sep-
arable states is losed, onvex and with non-empty in-
terior (we shall assume nite dimensional Hilbert spaes
throughout the paper). Its omplement relative to the set
of quantum states also has non-empty interior and is er-
tainly non-onvex. Atually, in general, its omplement
is muh larger, i.e., it has greater volume (if one onsider
the Hilbert-Shmidt metri, for instane). An extremely
oversimplied illustration of this situation is given in Fig.
1. We all here D the set of all quantum states and we
2are going to onsider it immersed in the set A of Hermi-
tian matries of unity trae; S the subset omposed by
the separable states, ∂S and ∂D their boundaries relative
to D and A, respetively; E = D − S the set of entan-
gled states. The boundary of the set of quantum states
is omposed by all that states whih have at least one
zero eigenvalue so, in partiular, it ontains all the pure
states. Note that there are both entangled and separable
pure states in ∂D. Atually, more than that, the area
of the separable states inside ∂D is non-zero [16℄.
E
S
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FIG. 1: Diagram of the set of entangled states.
Let us onsider a dynamis with a non-trivial station-
ary set, St. By stationary set we mean that for every
initial state ρ and open set V ⊇ St we have that ρ(t)
(the state at time t) belongs to V for all t suiently
large. Of ourse, if some dynamis aepts a set of sta-
tionary states, this set will be the smallest stationary
set of the dynamis. Anyway, from the simple piture
given in Fig. 1, and onsidering the loation of St in it,
we may distinguish three possibilities whih have onse-
quenes to the asymptoti dynamis of entanglement: i)
St ⊂ Int(S) implies that every initial entangled state
will lose all of its entanglement at nite time (sudden
death of entanglement); ii) if St∩∂S 6= ∅, than, only with
that information, many situations an our: asymptoti
or sudden death of entanglement and non-zero asymp-
toti entanglement; iii) if St ⊂ E, every initial state ex-
hibit some entanglement asymptotially.
The omplete lassiation must yet onsider that the
stationary set, St, an onsist of a single state (e.g., ther-
mal equilibrium state) or by a non-trivial set (e.g., for
phase reservoirs). In this sense, eah situation above
gives rise to two ases, in a total of six lasses.
Note that, in ases ii) and iii), if we start with a sep-
arable state it is possible in the rst one and ertain in
the seond, that entanglement will be reated, a situation
whih may be alled sudden birth of entanglement [13℄. It
is good to stress that, sine the only information we have
about the dynamis is some partial information about a
stationary set, anything may happen with the entangle-
ment for short times: it may die, resurret, osillate, et.
It is also important to mention that suh analysis does
not depend on the spei entanglement quantier used
to follow the dynamis, only the assumption that it is
ontinuous and stritly positive on entangled states.
Given a dynamis that ts in ase ii) one an in gen-
eral nd examples of initial states whose entanglement
die asymptotially or suddenly [11℄. An interesting way
to have a global view of the properties of this dynam-
is on this respet is through the question: if one pik a
random initial state, what is the most probable situation,
asymptoti or sudden death? That is, if the dynamis an
exhibit both of these properties, what is the most typi-
al one? To answer this question one must formulate it
properly. Fixed a dynamis for a omposite system with
state spae D with a suitable probability measure P on
it and a ontinuous entanglement quantier e : D → R+,
with e(E) ⊂ (0,∞), we dene the following events (sub-
sets of D, in the language of probability theory) whose
probabilities may be of interest:
• States that exhibit sudden death of entanglement:
SDE = {ρ ∈ DN |∃t0, t1 suh that E(ρ(t0)) >
0 and E(ρ(t)) = 0 for all t > t1};
• States that exhibit asymptoti death of entan-
glement: ADE = {ρ ∈ DN |∃(tn)∞n=1, tn →
∞, suh that E(ρ(tn)) > 0 and limt→∞E(ρ(t)) =
0};
where ρ(t) denotes the time t evolution of initial state ρ
aording to the dynamis. Note that these denitions do
not oinide stritly with the ommon sense of suh no-
tions sine in general one only looks for initial states that
already have some entanglement, whih is not neessary
here: an initial separable state an, in priniple, aquire
some entanglement that will subsequently die (suddenly
or asymptotially). The strit notion would be given by
the events:
• SDE′ = SDE ∩ E;
• ADE′ = ADE ∩E.
If the dynamis exhibit asymptoti entangled states, one
an also look to the events:
• The states exhibit entanglement asymptotially:
AE = {ρ ∈ DN |∃t0, c > 0 where E(ρ(t)) >
c for all t > t0};
• An initially separable state aquire entanglement
asymptotially (sudden birth of entanglement):
SBE = {ρ ∈ DN |E(ρ) = 0 and ∃t0, c >
0 where E(ρ(t)) > c for all t > t0};
(note that SBE = AE ∩ S).
Instead of hoosing a spei probability measure to
deal with, our results will only require that it is non-
singular, i.e., sets ontained in sub-manifolds of D with
dimensions stritly smaller than the dimension of D have
zero probability. The problem of omputing the proba-
bility (or volume) of the event (set) S exatly is still
an open issue for the most natural probability measures.
Though, several bounds and estimates exist for several
probability measures and events [16, 17℄.
3III. EXPLICIT EXAMPLES
Given the general piture we may look now to some
onrete examples where most of them, as we will see,
are very natural and experimentally feasible. The sim-
plest type of dynamis, namely one that is onvex-linear,
Markovian and ompletely positive, will sue to provide
rih examples. It will be suient to work with the sim-
plest omposite system, two qubits, in order to exhibit
examples for all lasses of dynamis. Considering that we
are dealing with a system with nite Hilbert spae, we
may apply Lindblad theorem and desribe the map by
an ordinary, linear, rst order dierential equation with
the form given by [18℄:
dρ
dt
= L[ρ] = −
i
~
[H, ρ] +D[ρ], (1a)
where
D[ρ] =
∑
j
γj(2AjρA
†
j − A
†
jAjρ− ρA
†
jAj), (1b)
γj are real onstant numbers, Aj general linear operators,
H a Hermitian operator. This type of dynamis have the
advantage that it is simple to nd its asymptoti states:
in general one just have to look to the kernel of the su-
peroperator L, whih is a linear operator that an be
understood to be dened over the set of 4 × 4 omplex
matries or the subset of Hermitian matries, a real ve-
tor spae. Of ourse, sine the set will be given by the
kernel of linear map, it is always given by the interse-
tion of a subspae of Hermitian matries (the kernel of
L) with the set of mixed states. It is ourious to note
that to nd the two missed examples in Ref. [13℄ we had
to allow for non-autonomous Lindblad equations, that
is, equations with the same form but with parameters
γj varying in time. For this type of dynamis the set of
stationary states do not need to be the intersetion of a
subspae with the set of quantum states.
Loalizing a two qubit state in the set of all states
The set of all quantum states for a omposite system
an be divided geometrially aording to the dihotomy
{IntD, ∂D} and the trihotomy {IntS, ∂S,E}. Dealing
with the speial ase of two qubits has the advantage
that one an easily infer the loation of a state aord-
ing to this subdivision with the help of Detρ and DetρΓ,
the determinants of the state and of its partial trans-
pose. Both of these funtions are ontinuous in all natu-
ral metris, Hilbert-Shmidt, et, i.e, we know that small
perturbations of a state in a given metri implies small
perturbations of the values of both quantities. So if, e.g.,
both of them are positive for a given state, we an nd
a neighborhood of that state where these quantities re-
main with the same sign. Then, the determinant of the
operator tell us if it is in the interior or in the border of
D (if it is grater than or equal to zero, respetively). The
determinant of the partial transpose, on the other hand,
gives us omplete information about its entanglement be-
ause it is known [19℄ that the state is entangled i the
determinant is stritly negative. Thus, this determinant
tells us if the state is in the interior of the set of separable
states (if it is grater than zero), in the border ∂S (if it is
equal to zero) or inside the set of the entangled states (if
it is stritly negative). At last, if ρ is a given state with
d = Detρ and dΓ = DetρΓ, we an have:
i) d > 0 and dΓ > 0: the state is in the interior
of D and in the interior of S relative to D, i.e.,
belongs to S−∂S (e.g., the ompletely mixed state,
ρmix = I/4);
ii) d > 0 and dΓ = 0: the state is in the interior of D
and in ∂S (e.g., the state 2
3
ρmix +
1
3
ρsinglet, where
ρsinglet refers to the state in Eq. (2) with a = 0,
b = −c = 1/2);
iii) d > 0 and dΓ < 0: the state is in the interior of
D and belongs to E (e.g., the Werner states [20℄
pρmix + (1− p)ρsinglet, for 0 < p < 2/3);
iv) d = 0 and dΓ > 0: the state is in the border of D
and in S−∂S (reording that we dened ∂S as the
boundary relative to D, while ∂D is relative to A).
For instane, if a > b > 0, 2a+ 2b = 1, and |c| = b:
ρ =


a 0 0 0
0 b c 0
0 c b 0
0 0 0 a

 ; (2)
v) d = 0 and dΓ = 0 the state is in ∂D ∩ ∂S (e.g., a
separable pure state);
vi) d = 0 and dΓ < 0 the state is in the border of D
and belongs to E (e.g., ρsinglet).
With all these tools in hand, we an go to the examples.
Case 1a): One asymptoti state in Int(S)
Perhaps the most natural example of this situation is
the ase where both qubits, whih we shall all A and B,
are spatially well separated two level atoms, interating
with thermal elds. The separation between them im-
plies that the thermal reservoirs are independent. The
Lindblad equation that desribes this dynamis is given
by:
dρ
dt
=
i
~
[HA +HB, ρ] +DA ⊗ I[ρ] + I ⊗DB[ρ], (3a)
where
Di[ρ] = γi(2σ+,iρσ−,i − σ−,iσ+,iρ− ρσ−,iσ+,i)+
γ′i(2σ−,iρσ+,i − σ+,iσ−,iρ− ρσ+,iσ−,i), (3b)
4with σ±,i being the Pauli operators for qubit i,
Hi =
~ωi
2
σz,i the Hamiltonian for qubit i and γi, γ
′
i are
non-negative onstants (related to the average photon
number in the eld, the atoms polarization, their ou-
pling to the environment, et.).
It is easy to show that the system will evolve to a
produt state with both qubits in their respetive Gibbs
states, Z−1i e
−βHi
, Zi = Tre
−βHi
. If the temperature
is positive, the resulting state is a produt state with a
diagonal density matrix (in the produt basis) with every
diagonal entrane being non-zero. We then have that
ρst = ρ
Γ
st and that Detρ
Γ = Detρ > 0. As mentioned
earlier, if an initial state have some entanglement it will
ertainly die at nite time.
The events dened in se. II are trivial in this ase:
ADE = ADE′ = SBE = AE = ∅, and SDE = SDE′ =
E, so P (SDE) = P (E) or, P (SDE|E) = 1, that is, the
only ondition for having entanglement sudden death is
that the initial state is entangled. To alulate the exat
probability of this event is thus as diult as determining
the volume of the set of separable states [16℄.
Case 1b): Several asymptoti states in IntS
To obtain an equation of motion for the state satis-
fying this propriety, namely, being a relaxing dynamis
with more than one asymptoti state but all of them in
the interior of S, we had to appeal to a non-autonomous
Lindblad equation. A dynamis that ahieve the de-
sired result would be given by a Lindblad equation with
the same form as the one used in the last setion, de-
sribing two qubits interating with independent reser-
voirs, but now, with the oupling onstants deaying
exponentially. That is, performing the orrespondene
γi 7→ γi0 exp (−κt). The physial situation orrespond-
ing to the equation, although artiial, is ertainly not
prohibited: in priniple, one an have a good ontrol of
the interation of the qubits with their reservoir and turn
it o exponentially.
To prove the result, let us write the dynamial equation
in the form (in the interation piture):
d
dt
ρ(t) = e−κtD[ρ(t)], (4)
where D is the dissipator of the Lindbladian in the last
example. For ρ(t) a solution to this equation, we an
dene ρ¯(t) = (ρ ◦ g)(t), where
g(t) =
∫ t
0
e−κt
′
dt′
is an invertible funtion. Substituting ρ¯ in Eq. (4) we
obtain an equation of motion for it:
d
dt
ρ¯(t) = D[ρ¯(t)]. (5)
That is, ρ¯ obeys the same dynamis of two qubits in
independent thermal reservoirs with onstant oupling
in time, with known solution. To nd the asymptoti set
for the dynamis of Eq. (4) is suient to note that, sine
ρ(t) = (ρ¯ ◦ g−1)(t), then ρ(t → ∞) = ρ¯(g−1(t → ∞)) =
ρ¯(1/κ).
Geometrially, the autonomous dynamis given by
Eq. (5) deforms ontinually the set of states D to the
point ρGibbs (i.e., provides an homotopy between them),
while the time varying version reparametrizes this defor-
mation. The set of asymptoti states of Eq. (4) is then
given by this deformation in the intermediate time κ−1.
Making κ small enough, we an assure that the asymp-
toti set is entirely ontained in IntS, sine ρGibbs belongs
to IntS, an open set.
Of ourse, the events SDE, ADE, et., and their re-
spetive probabilities, are exatly the same as in the last
example.
We note nally that, although the disussion about
entanglement does not depend if we are dealing with
the interation or Shrödinger pitures (beause the or-
respondene between them is given by loal unitary
transformations), the dynamis is not relaxing in the
former. Sine the state will be given by ρS(t) =
exp(iHt)ρ(t) exp(−iHt) and limt→∞ ρ(t) will not, in gen-
eral, ommute with the exponentials, the state evolution
ρS(t) will not onverge. Nevertheless, the dynamis will
have an asymptoti set in the general sense disussed in
Se. II, namely, although an initial state does not ne-
essarily onverges, one an nd open sets suh that the
state trajetory will be onned inside them after a er-
tain instant of time. In this partiular example, one an
nd suh open sets that are entirely ontained in S.
Case 2a): One asymptoti state in ∂S
Eqs. (3) also provides an example where we have only
one stationary state in the border between separable and
entangled states, namely, the ase where the qubits are
subjeted to two independent thermal reservoirs at null
temperature. In this ase the stationary state is the pure
state ρst = |00〉 〈00|. Again, it is diagonal in the ompu-
tational basis so DetρΓst = Detρst = 0. Then, a neigh-
borhood of this state always ontains separable as well
as entangled states. As mentioned in Se. II, in this ex-
ample, depending on the initial state, both behaviors an
happen: asymptoti and sudden death of entanglement.
In fat, given an initial state with matrix elements ρij one
an shown that the determinant of the partial transpose
of the state in time t will be given by:
DetρΓ(t) = e−4κtDet[ρ′ + ρ′′(t)], (6a)
where
ρ′ =


ρ11 ρ
∗
12 ρ13 ρ23
ρ12 ρ11 + ρ22 ρ14 ρ24 + 2ρ13
ρ∗13 ρ
∗
14 ρ11 + ρ33 ρ
∗
34 + 2ρ
∗
12
ρ∗23 ρ
∗
24 + 2ρ
∗
13 ρ34 + 2ρ12 1

 , (6b)
5and ρ′′(t) is a matrix whih depends on ρ but where all
elements deay (exponentially) to zero. Hene, as long
as Detρ′ 6= 0, the asymptoti sign of DetρΓ(t) will be
given by the sign of the determinant of ρ′. By assuming
non-singular probability measure in the set of quantum
states, we onlude that the event dened by the on-
dition Detρ′ = 0 has zero probability and an be dis-
arded to ompute the probabilities of ADE(= ADE′)
or SDE(= SDE′). From the form of ρ′ it is easy
to nd initial states suh that Detρ′ is stritly less or
stritly greater than zero, so small balls (with positive
probability) around these states also have the same sign
for this determinant. As a onsequene, we have that
P (SDE) > 0, P (ADE) > 0, the atual values depend
on the spei measure used. The point is, with no
additional requirement on the measure, both situations,
asymptoti or sudden death, an be found for this dy-
namis.
Sine this dynamis do not have asymptoti entangled
states one have SBE = AE = ∅.
Case 2b): More than one asymptoti states with
points in the border of S with E
For more than one asymptoti state in this geometri
situation we an distinguish four subases, as disussed
below.
All other points belong to IntS. Two non-interating
qubits subjeted to two independent phase reservoirs pro-
vide an example. The dynamis (interation piture im-
plied) is given by:
dρ
dt
= DA ⊗ I[ρ] + I ⊗DB[ρ] (7a)
where
Di[ρ] = γ(σz,iρσz,i − ρ), (7b)
with γ a positive onstant. This dynamis may be im-
plemented experimentally for ions in a trap [11℄. The
reservoir would be given by applying z-direted magneti
elds with random and independent magnitudes on eah
ion [21℄ (the qubits enoded in the eletroni spin of the
ions). It is easy to show that if we write the initial state
in the omputational basis the evolution will be given by
exponential deays of all non-diagonal terms and all the
diagonal ones will remain onstant. So the set of asymp-
toti states will be given by the three real parameters set
(an intersetion of a four dimensional subspae of the set
of Hermitian matries with the set of states):
ρst =


p1 0 0 0
0 p2 0 0
0 0 p3 0
0 0 0 p4

 , (8)
with pi ≥ 0 for i = 1, ..., 4 and
∑4
i=1 pi = 1.
In this ase we have that all asymptoti states are
diagonal in the omputational basis and again we have
Detρ =DetρΓ. Two situations are possible: these deter-
minants are zero or positive. Again, entanglement an
die asymptotially or suddenly as the following initial
states illustrate:
ρ(t = 0) =


p1 0 0 0
0 p2 c 0
0 c p3 0
0 0 0 p4

 , (9)
with |c| > 0 (as a onsequene, p2 > 0 and p3 > 0). The
evolution will be given by states with the same form but
with |c(t)| deaying exponentially, so dΓ(t) = p2p3(p1p4−
|c(t)|2). Then, it is evident that, if p1 or p4 are initially
zero, entanglement will deay only asymptotially to a
state in the border of S. But if both of them are non-
zero and p1p4 < |c(0)|2, then it will die suddenly while
the state onverges to (a state in) the interior of S. For
p1p4 ≥ |c(0)|2 the omplete trajetory will remain in S.
Although examples of both situations an be pro-
vided, the typial ase is denitely sudden death of
entanglement[26℄. As this dynamis do not exhibit
asymptoti states with entanglement, SBE = AE = ∅
All other points belong to E. For this ase we hose
a situation where both qubits are idential (but distin-
guishable) and interat olletively with a ommon reser-
voir, as it happens with two spatially lose two level
atoms (lose ompared to the wavelength dened by their
transition) in a thermal eld. The dynamis of this situ-
ation an be desribed by the following master equation
(also in the interation piture)[22℄:
dρ
dt
= γ(2J−ρJ+ − J+J−ρ− ρJ+J−)
+γ′(2J+ρJ− − J−J+ρ− ρJ−J+), (10a)
with J± = σ±,A + σ±,B . A onvenient way to analyze
this dynamis is to write the equations of motion for the
density matrix elements in the basis omposed by the
states {|11〉 , |Ψ+〉 , |00〉 , |Ψ−〉}, resulting:
ρ˙11 = −2γρ11 + 2γ
′ρ22,
ρ˙22 = 2γ(ρ11 − ρ22) + 2γ
′(ρ33 − ρ22),
ρ˙33 = 2γρ22 − 2γ
′ρ33,
ρ˙44 = 0,
ρ˙12 = −2γρ12 + 2γ
′ρ23 − γ
′ρ12, (10b)
ρ˙13 = −γρ13 − γ
′ρ13,
ρ˙14 = −γρ14,
ρ˙23 = −γρ23 + 2γρ12 − 2γ
′ρ23,
ρ˙24 = −γρ24 − γ
′ρ24,
ρ˙34 = −γ
′ρ34.
The reservoir at zero temperature orresponds to the
ase γ′ = 0. It is easy to see from the equations of motion
6that the omplete subspae span {|00〉 , |Ψ−〉} is station-
ary under this dynamis. By onvexity, the stationary
states have the following form:
ρst =


0 0 0 0
0 0 0 0
0 0 1− ρ44 ρ34
0 0 ρ∗34 ρ44

 (11)
and an be identied with a Bloh ball inside D. All
states have null determinant, so all of them are at
the boundary of D. It is readily seen (representing
these states in the omputational basis) that DetρΓ =
−(ρ44/2)4, whih is null only if ρ44 = 0 and is negative
otherwise, so the set do not have any points in the inte-
rior of S: this Bloh ball just touhes the set of separable
states in one point. Some things an be inferred immedi-
ately from the geometry of this set: a) the entanglement
of the system may never die (the singlet state is station-
ary, for instane); b) it an be reated: take any initially
separable state ρ with non-zero population in the singlet
state; ) In priniple, the entanglement an die asymp-
totially or suddenly. In fat, initial states leading to this
situation exists but only a) and b) are typial.
A helpful fat about this problem is that the singlet
population is onstant through the evolution so, if this
population is positive on the initial state, it will on-
verge to an entangled state. Sine the event formed by
all states with non-zero population have probability one,
we immediately infer: P (AE) = 1, P (SBE) = P (S), or
P (SBE|S) = 1, that is, if one hooses randomly an initial
state, regardless if it is entangled or not, it will evolve to
an entangled state with probability one. From this we im-
mediately see that P (ADE) = P (SDE) = P (ADE′) =
P (SDE′) = 0, i.e, the probability to hoose an initially
entangled state whose entanglement will vanish is zero.
Nevertheless, one an nd atypial spei examples
exhibiting SDE and ADE. Consider, for instane, the
family of initial states where the only non-vanishing
matrix elements (in the basis mentioned above) are
ρ11, ρ22, ρ33. From Eqs. (10b) it follows that those will
ontinue to be the only non-vanishing elements. If
also ρ11 = 0 their behavior is quite simple: ρ11(t) =
0, ρ22(t) = ρ22e
−2γt, ρ33(t) = 1 − ρ22(t). So if ρ22 6= 0
the state will remain entangled for all times (mixture
of a Bell state with an orthogonal separable state) and
will die asymptotially, i.e., exhibit ADE. On the other
hand, if ρ11 6= 0 the behavior of these matrix ele-
ments is still simple and the determinant of the partial
transpose will aquire the following form: DetρΓ(t) =
ρ11e
−2γt+P (t)e−4γt, where P (t) is a seond degree poly-
nomial with oeients determined by the initial den-
sity matrix elements. Sine ρ11 6= 0, this determinant
will be positive after a ertain instant of time, i.e., the
state will be always separable after that instant. If, e.g.,
ρ33 = 0, ρ11 6= 0, ρ22 6= 0 the initial state is entangled
and therefore will exhibit SDE.
Some points belong to IntS and others to E. The
reservoir used in the last subase, if taken at positive
temperature, provides this example and, to simplify the
problem we take the innite temperature limit (γ = γ′ in
Eq. (10a)). It is interesting that, irrespetively of temper-
ature, the singlet state is stationary and also the singlet
population of any state (the singlet spans a one dimen-
sional deoherene free subspae for this model). From
the equations of motion immediately follows that the sta-
tionary states are:
ρst =


1−p
3
0 0 0
0 1−p
3
0 0
0 1−p
3
0
0 0 0 p

 , (12)
where p is the singlet population of the state. That is,
they are the Werner states (with a dierent parametriza-
tion).
The determinant of the partial transpose (with re-
spet to the omputational basis, of ourse) is simply
(3 − 12p2)/36 being negative only if p > 1/2. The set
of stationary states forms a line segment in D with both
ends, those with p = 0 or p = 1, on the border of D, one
of them in the interior of S (relative to D) and the other
in E, respetively, and the line interseting the border
between S and D when p = 1/2 (see Fig. [2℄).
E
S
rmixtriplet
rsinglet
FIG. 2: Set of asymptoti states for two qubits interat-
ing with a ommon reservoir at innite temperature. Here,
ρmix triplet =
1
3
(|11〉 〈11| + |Ψ+〉 〈Ψ+|+ |00〉 〈00|).
Sine the singlet population remains xed in the dy-
namis it allows us to identify the asymptoti state of any
given initial ondition. An initial state will have non-zero
entanglement asymptotially if, and only if, ρ44 > 1/2 so
we have P (AE) = P (D>1/2 = {ρ ∈ D|ρ44 > 1/2}) > 0.
Of ourse P (SBE) = P (D>1/2∩S). Sine a state an ex-
hibit ADE i it relaxes to a state in the border between S
and E, we have P (ADE′) ≤ P (ADE) ≤ P (ADE ∩ {ρ ∈
D|ρ44 = 1/2}) = 0. So ADE is atypial for this dynam-
is but SDE, on the other hand, have a non-zero proba-
bility. In fat, an initially entangled state have SDE i
ρ44 < 1/2, so P (SDE
′) = P (E∩{ρ ∈ D|ρ44 < 1/2}) > 0.
All points belong to ∂S. The ombination of two
reservoirs used in former examples will provide this ase.
If we have qubit A subjeted to spontaneous deay and
B to a phase reservoir the system will have the desired
behavior, a situation that may our experimentally if we
entangle an atom in vauum with a spin subjeted to a
7stohasti magneti eld. That is, the system dynamis
would be desribed by a master equation of the form (7a)
(again in the interation piture), but with DA given by
Eq. (3b) (with i = A and γ′A = 0) and DB by Eq. (7b)
(with i = B). It is easy to see that the set of asymptoti
states will be onstituted by the produt states where A
is in the |0〉 state and B in a state desribed by a diagonal
matrix (in the omputational basis), so the global states
reads:
ρst =


0 0 0 0
0 p 0 0
0 0 0 0
0 0 0 1− p

 , (13)
for 0 ≤ p ≤ 1. Whatever the value of p we have
Detρst=Detρ
Γ
st = 0 so they indeed belong to ∂S. Again
we have SBE = AE = ∅ for this dynamis, sine there
are no entangled asymptoti states, but to analise the
probability of the other events we use the exat solution
for the dynamis and write the determinant of the partial
transpose in the form:
Detρ(t)Γ = f1(ρ)e
−λ1t + ...+ fn(ρ)e
−λnt, (14)
where the funtions fi depend on the initial state only,
while λ1 < λ2 < ... < λn. In this way, as long as f1 6= 0,
the asymptoti sign of Detρ(t)Γ will by given by the sign
of f1. Denoting by γA and γB the deay rate for eah
reservoir, it so happens that λ1 = 2γA and f1 = Detρ
′
,
where:
ρ′ =


ρ11 ρ
∗
12 0 0
ρ12 ρ11 + ρ22 0 0
0 0 ρ33 ρ34∗
0 0 ρ34 ρ33 + ρ44

 . (15)
Sine this matrix is positive denite (given that ρ is),
the system will reah its asymptoti state from the in-
terior of the separables if f1(ρ
′) > 0. But the event
f1(ρ
′) = 0 have zero probability, so we may onlude
that P (SDE) = P (SDE′) = P (E), while P (ADE) =
P (ADE′) = 0, that is, a sorted initial entangled state
will exhibit sudden death of entanglement with ertainty,
in ontrast with ase 2a) where sudden and asymptoti
death both had positive probabilities. Still, it is possi-
ble to nd spei states where asymptoti death takes
plae. For instane, onsider the set of initial states:
ρ =


0 0 0 0
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
0 0 0 0

 . (16)
The partial transpose determinant will be then
Detρ(t)Γ = −|ρ23(t)|2ρ22(t)ρ33(t), being negative for all
t if ρ23, ρ22 and ρ33 are initially dierent from zero, so
the entanglement dies asymptotially.
Case 3a): One asymptoti state in E
The most natural way to realize a dynamis with this
property is through a thermal reservoir. This time,
though, interating qubits and a ommon thermal reser-
voir are needed, that is, a reservoir that take any ini-
tial state to the Gibbs state Z−1 exp(−βH), with Z =
Tr exp(−βH) and H stands for the Hamiltonian desrib-
ing the losed dynamis of the qubits. Typially, the
ground state of interating qubits Hamiltonian is non-
degenerate and entangled, so if β is large enough we ob-
tain the desired dynamis.
Dynamis with these asymptoti states an be engi-
neered using Lindblad autonomous equations, at least
formally. Atually, xed an arbitrary state for the sys-
tem, there are many Linbdbladians that have this state
as the only asymptoti state, in partiular there are ones
with only one Lindblad operator and null Hamiltonian
part [23℄. The spei Lindbladian of ourse, will depend
on the spei interation between qubits and reservoir
(if the dynamis ould be desribed by a Lindblad equa-
tion in the rst plae).
To give a more spei piture, onsider, for instane,
two interating qubits desribed by the following Hamil-
tonian:
H =
1
2
ωσz,A+
1
2
ωσz,B + g(σ+,Aσ−,B + σ−,Aσ+,B) (17)
with ω, g positive onstants satisfying g > ω (i.e., strong
oupling limit). The eigenvalues for this Hamiltonian
are, in resent order, −g,−ω, ω, g, with respetive eigen-
vetors |Ψ−〉 , |00〉 , |11〉 , |Ψ+〉, leading to an entangled
ground state. Denote by |i〉, i = 1, . . . , 4 these eigenve-
tors aording to their eigenvalues order. We may on-
sider a thermal reservoir at null temperature that indues
deays between any two of these states in a Markovian
way, suh that the dissipator would be:
D[ρ] =
∑
i<j
γij(2σijρσji − σjjρ− ρσjj), (18)
where σij = |i〉 〈j| and γij are non-negative onstants. A
dissipator of this type an be derived from a mirosopi
model, for instane, adapting the results of Ref. [24℄ to
the Hamiltonian onsidered here .
As in ase 1a), the events and probabilities we are in-
terested in are trivial: SBE = S,AE = D, i.e., every
initial state will aquire entanglement for large times,
in partiular the separable ones, so P (SBE) = P (S)
and P (AE) = 1. Sine the entanglement never vanishes,
ADE = ADE′ = SDE = SDE′ = ∅
Case 3b): Several asymptoti states in E
Examples for this ase an be provided just by the same
trik used in ase 1b): we take any Lindbladian with only
one asymptoti entangled state and insert a time vary-
ing oupling whih multiplies the dissipator. The same
8reasoning an be applied with respet to the asymptoti
states for the subsequent dynamis (in the interation
piture), so, if the deay rate of the oupling is small
enough, the set of asymptoti states will be onstituted
by a small blurring around the asymptoti state of the
dynamis with onstant oupling.
Contrary to ase 1b), though, in what entanglement is
onerned, it is important now whether the dynamis is
given in the Shrödinger or interation pitures, beause
their orrespondene is given by global unitary transfor-
mations. By the same reason as before, the dynamis will
not be relaxing in the Shrödinger piture, but one an
still nd a non-trivial asymptoti set, this time, entirely
ontained in E. Indeed, diminishing the deay rate of the
reservoir ouplings, we an diminish at will the diameter
of the set of stationary states in the interation piture
whih, by its turn, always ontain the Gibbs state of the
system. Now, unitary transformations are isometries for
pratially all relevant metris, so the set of asymptoti
states in the interation piture is mapped to sets with
the same diameter in the Shrödinger piture. But these
unitary transformations have the Gibbs state as a xed
point, hene these sets always ontains it. Sine E is
open, given that their diameter is small enough, we an
be sure that they always fall entirely inside of it.
As a onsequene of the disussion in the above para-
graph, the events and probabilities we are onsidering in
this paper are idential to the ones in the last example.
IV. CONCLUSIONS
In this paper we review the lassiation of the possible
dynamis of entanglement based on the relative geome-
try of the sets of asymptoti and separable states. We
provided examples for all possible lasses, inluding the
previously unknown ases with more than one asymp-
toti state, but avoiding the boundary ∂S. In giving
those examples it was suient to use two-qubit dynam-
is ditated by equations of motion in Lindblad form
(inluding non-autonomous dynamis exatly for those
previously hard examples). In eah ase, the existene
of sudden death of entanglement, asymptoti death of
entanglement, sudden birth of entanglement and asymp-
toti entanglement were analyzed from a more preise
point of view, looking at the probabilities that eah of
these phenomena our if one hoose a random initial
state and a suitable probability measure on the set of
quantum states.
Aknowledgments
We thank CNPq and FAPEMIG for nanial support.
This work is part of the Brazilian National Institute for
Siene and Tehnology on Quantum Information.
[1℄ E. Shrödinger, Proeedings of the Cambridge Philosoph-
ial Soiety 31, 555 (1935).
[2℄ C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A.
Peres, W. K. Wootters, Phys. Rev. Lett. 70, 1895 (1993).
[3℄ M. Nielsen and I. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, UK, 2000).
[4℄ A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991). Although
most shemes of quantum ryptography do not expliitly
uses entangled states, entanglement is important to prove
their seurity [5℄.
[5℄ R. Renner, Ph.D. Thesis (2005);
arXiv:quant-ph/0512258.
[6℄ V. Vedral, M.B. Plenio, M.A. Rippin, and P.L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).
[7℄ M. Koashi and A. Winter Phys. Rev. A 69, 022309
(2004).
[8℄ K. yzkowski, P. Horodeki, M. Horodeki, and R.
Horodeki, Phys. Rev. A 65, 012101 (2001); T. Yu and
J. H. Eberly, Phys. Rev. B 66, 193306 (2002); L. Diósi,
Let. Notes Phys. 622, 157 (2003); P. J. Dodd and J. J.
Halliwell, Phys. Rev. A 69, 052105 (2004).
[9℄ T. Yu and J. H. Eberly, Opt. Commun. 264, 393 (2006).
[10℄ F. Lastra, G. Romero, C. E. López, M. França Santos,
and J. C. Retamal, Phys. Rev. A 75, 062324 (2007); K.
Ann and G. Jaeger Phys. Rev. B 75, 115307 (2007); L.
Aolita, R. Chaves, D. Cavalanti, A. Aín, and L. Davi-
dovih Phys. Rev. Lett. 100, 080501 (2008).
[11℄ M. F. Santos, P. Milman, L. Davidovih, and N. Zagury,
Phys. Rev. A 73, 040305(R) (2006).
[12℄ M. P. Almeida, F. de Melo, M. Hor-Meyll, A. Salles, S.
P. Walborn, P. H. Souto Ribeiro, and L. Davidovih, Si-
ene 316, 579 (2007).
[13℄ M. O. Terra Cunha, New J. Phys. 9 237 (2007).
[14℄ S. L. Braunstein, C.M. Caves, R. Jozsa, N. Linden, S.
Popesu, and R. Shak Phys. Rev. Lett. 83, 1054 (1999).
[15℄ C. Viviesas, private ommuniation.
[16℄ P. B. Slater, J. Geom. Phys. 53 74 (2005).
[17℄ K. yzkowski, I. Bengtsson, Geometry of Quantum
States: An Introdution to Quantum Entanglement
(Cambridge University Press, Cambridge, UK, 2006).
[18℄ G. Lindblad, Commun. Math. Phys. 48, 119 (1976).
[19℄ F. Verstraete, K. Audenaert, J. Dehaene and B. De Moor
J. Phys. A: Math. Gen. 34 (2001).
[20℄ R. F. Werner, Phys. Rev. A 40, 4277 (1989).
[21℄ M.O. Terra Cunha and M.C. Nemes, Phys. Lett. A 329,
409 (2004).
[22℄ S. Shneider and G. J. Milburn Phys. Rev A 65, 042107
(2002).
[23℄ K. Dietz, J. Phys. A: Math. Gen. 37, 6143 (2004).
[24℄ M. Sala, R. Migliore, A. Messina, arXiv:0806.4852v1
[quant-ph℄.
[25℄ Entanglement is not neessary for quantum key distri-
bution, however it is used in the best known proof of
seurity of suh protools [5℄
[26℄ In fat, the ondition Detρ=0, implies P (∂D) = 0. In this
ase we have also ADE = ADE′ and SDE = SDE′.
Given that the sorted state is entangled, it will ex-
9hibit SDE for sure if Detρ > 0 sine it will onverge
to a state in IntS. So, sine P (IntD) = 1, we have:
P (SDE) = P (SDE ∩ IntD) = P (E ∩ IntD) = P (E),
i.e., P (SDE|E) = 1. Equivalently, a state an exhibit
ADE only if Detρ = 0 so that it will onverge to a state
in ∂S, hene P (ADE) ≤ P (∂D) = 0.
